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In a free boundary problem one seeks to solve a system of PDEs in a domain which is not known in advance; determining the domain is a part of the problem. A classical example is the Stefan problem of melting of ice: the temperature satisfies the heat equation in the water region, and this region is changing as the ice melts. Other examples include contact problems in mechanics, jets and cavities in fluid, water waves and the Hele-Shaw model.

In this talk, I will describe more recent free boundary problems which arise in biology. The first one is a system of PDEs modeling the growth of a tumor, and I will discuss the analysis of symmetry breaking bifurcations from a spherical tumor, which may be viewed as the initiation of metastasis. The second model is a chronic wound which is contracting as the wound heals. The third example is the development of a plaque in the artery, a disease called atherosclerosis, which is the leading cause of death worldwide. In all these models, I will state some mathematical results and suggest challenging open problems.
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